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INTRODUCTION

The dynamic bearing strength of a soil being penetrated

by a sol_id object such as a footpad .of a landing spacecraft is

usually considered to be greater than, or at least different from

the static bearing strength. To calculate the soil react-tons on

the footpad, the static bearing strength can be considered to be

augmented by a series of empirical dynamic terms proportional to

various powers of the penetration velocity and acceleration. A

term involv:ing the square of the penetration velocity is a favorite

in this empirical approach because the drag on solid bodies pene-

trating fluids is proportional to velocity squared. Since each

additional term introduces a new independent variable into the problem,

the number of such terms is liraited by practical considerations.

The empirical coefficients must be evaluated for each type of soil,

and this requires a great amount of experimental effort using

elaborate equipment. Full scale equipment must be used unless

scaling laws are established. The effect of reduced gravitational

acceleration is difficult to simulate in tests.

Soil mechanics in general is not amenable to very accurate

analysis; the static bearing strength of soil cannot be reliably

calculated within a factor of two from the engineering parameters

of the soil. IIowever, since the limitations of a purely empirical

approach to dynamic bearing strength are well recognized, attempts

have been made to develop approximate analysis to indicate which

of the dynamic terms are needed and to relate the coefficients to

the soil properties.

ANALYSIS OF DYNAMIC BEARING STRENGTH

Professor Ronald F. Scott of the California Institute of

Technology has devised an analysis of dynamic bearing strength useful

for' calculating the reaction on objects penetratinz homogeneous soils

at low velocities* normal to the surface. (I) In this analysis, the

Low velocities are those at which heating caused by dissipation

of kinetic energy has a negligible effect on the soil properties.

They should also be less than the sonic velocity in the soil.
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dynamic bearing strength of the soil is the sum of the statSc bearing

strength and a dynamic _ugmentation pressure resulting from the

dynamic forces needed to move the soil out of the way of the pene-
trating object. Calculating these dynamic forces requires knowledge

of how the soil moves in response to the penetrating object. The soil

motion during dynamic penetration is considered to be es.sential]y

the same as that produced by static penetrat:ion or settling. Since

the motion of soil under settling loads has long been studied as a

mea_s of calculating static bearing strengths, this analysis makes

available a means of calculating dynamic bearing strengths of soils
based on their known static behavio,r.

']_'he first proposition, that the dynamic bearing strength

is the sum of the static bearing str;ength and some velocity
depe1_dent '- o_erm.__, has been accepted by those who use empirical terms

to calculate dynamic bearing strength. It seems reasonable to

assume that the static or velocity independent terms of dynamic

bearing strength are the same as the static bearing strength if,

as the second proposition states, the soil actually deforms during

dynam_ic penetration in the same way as it deforms during a static

loading. However, this Js not always completely true.

For example, one can visualize the impact of a baseball

thrown down into dry sand. The shower of sand grains clearly
indicates a different soil motion than would occur if the baseball

were slowly pushed into the sand. The theory is not perfectly

applicable to this situation because some of the soil particles

have achieved enough velocity to fly up in the air rather than

to be pushed up in a ring shaped mound. However, the theory will

be approximately correct if most of the soi_] particles move Jn the

same way they would have moved during a static penetration. Moreover,

an examination of the soil velocities predicted during impact may

indicate how the soil will depart from the static flow patterns,

thereby enabling a corrected soil flow mode] to be devised. In the

absence of accurate dynamic soil. flow models, the static flow

model provides at least a starting point from which a rational means

of calculating the dynamic bearing strength can be develomed.

Professor Scott has proposed two different soil flow

models based on the static behavior of compressible and incom-

pressible soils. The compressible soil model is simpler and
will_ be described first.

DYNAMIC BEARING STRENGTH OF COMPRESSIBLE SOIL

As the compressive stress is increased in a static loading
test, certain types of cohesive sell and volcanic rocks undergo a

compressive type failure involving a density change. The material,
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orJgina]]y at dens'Lty Pl' crushes to density P2 at a critical va]ue

of normal stress oc. The rel_tiive dcns_ity change Js described by

the soil compr'es._bi]._ty, C.

P2 - Pl
C ........... (])

P2

Compress:ibility is bounded between zero and one, being zero for an

incompressible soil and one for a so:i.] which compresses down to zero
vo ].urne.

When an object such as the' footpad of a spacecraft penetrates

a compressible soil, a slug of compressed so_l _s formed below the

footpad, Figure ]. This s]u_; of soil moves downwa_'d at the same

speed as the footpad, growin[_ in length as the footpad penetrates.

The soil crushes from density Pl to p2 at the lower end of the slug

of so]] at a depth, z, below the surface. The mass of this slug of

so_-]__]per unit area of footpad, A, is:

M
X = Pl z : P2 (z -y) (2)

where y is the depth of penetration of the footpad.

follows that

From this it

and

Y
z - c (3)

M P-i
A C y (it)

Under static conditions an effective pressure, p, must be
exerted at the crush depth, z, in order to propagate the crushing
interface farther into the so.].].. This effective crush pressure

includes not only the norma] crushing stress, Oc, but also accounts

for' the shear and friction forces acting on the periphery of the slug

of soil. Effective crush pressure varies approximately linearly with
(l)crush depth for depths of the order of one footpad diamet .r. -

P : Po + bz (5)

The static bearing strength, Ps' of this soil is the

effective crush pressure of' the soi] minus the weight of the so_i.]
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slug above the crush interface:

Pl
P = r 4-b , - 8

S O

07 _ }

b - p]g
Ps = Po + ( ....... U y (6)

where g is the local acce]erat:io_ o,f gravity. Thus the static

bearing strungth of compressible soil varies linearly with depth,

either increasing or decreasing with depth depending on the relative

magn.i.tude,B of b and plg. If these o_uantit:ies are equal, the soJ.]

static bearing strength is independent of depth.

The four e_gJneering parameters p], C, Po
compressible soil.

and b characterize

To calculate the dynamic bearing strength, the dynamic

augmentat:ion shou]d be added to the stat:ic bearinP; strenr_th. The

dynamic auswientatJo_] is the additional force per unit area of

footpad needed to move the soJ] slug at perpetration velocity. The

dynamic force is equal to the time rate of change of momentum of

the soil slug moving with the footpad. This s]u[,; of soil has the

same ve]ocJ.ty, 9,pand accelerat, Jon, "y',as the footpad and a mass
1

per unit area of _--y. The rate of change of rnome]_tum per unit area J.s

the dynamic bearing stre_lgth augmentat:ion, PA"

d M P 1 .2 P]

PA = dt- (A _) - C Y + C YY (7)

The total dynamic bearing strength, PDYN' of the compress_ible soil

Js the sum of the static bear:ing strenf;t]] and the dynamic augmentation.

b - Plg Pl .2 °l
PDYN = Po + (....C ........) y + C-- Y + C-- y? (8)

]incompressible sol] can bear an unlimited norma] stress

without a crushing type fai __Lure,"therefore, the density, p, Js
constant. This material fails in sheaP and the maximum shear stress,

Ty, general] y depends on the no)final stress, o.
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!

T = C + o tar] @
Y

The cohesive shear stren[_th, c, Js increased by a frictional or

normal stress dependent shear strength term. The angle _ is known

as the angle of :_nterna! friction and ranges from 0 ° to h0 ° for

normal earth soils. Some soils such as dry sand have zero cohesive

shear stren[lth; re.oat soils have both cohesive and frictional shear

strength.

The three engineering par[meters p, c and ¢ characterize

incompressible soil.

When an object, co,ns:idered to be a round fiat footpad of

radius r, slowly penetrate,_: an incompressible soil, t}_e soil is

displaced radially and upward around the footI_ad. Several volumes

of movJnq soil are formed as shown fin Fir,lure 2. A conical volume

of so:]], //], J s trapped beneath the footpad and moves downward at

the same speed as the footpad. Soil moves radially and upward

through r_inft shaped volumes, #2 and #3, with velocities somewhat

less than the footpad velocity because of the .i_ncr,e_sed f]ov area.

The d:]sp]ar',ed soil moves upward through volume #II, forming a r]ng

shaped mound protrud_in[,; above the orJg:]nal surface. Since the soil

is incompressJb!e, the volume of this mound must equal the volume

of d_isp].aced so_il.

The geometry of the static soil flow model depends on the

angle of ].nterna] frJct:lon of the soil. _2)"" For soils with zero ankle

of :internal frict:'Lon, the flow geometry is as shown in FJ.guz_e 2.

The tip _ng_]e of the conical soi_] volume //I Js 90 ° , the curved

boundar:ies of vo_qume #2 are c:]rcu]ar arcs, and tl)e w_ldth of the

displaced r_ing of soil :is about twice the footpad radius. For

frictional soils, the flow geometry chan[,;es. The tip angle of soil

vo_]ume #I is reduced from 90 ° by the angle of internal friction,

the curved boundaries of volume #2 become logar:]thm:ic spirals, and

the ant:ire fai]infl region spreads out. Altbough this chanf;es the

mass and flow velocity within the soil volumes, the values do not

differ greatly from those of a frictionless sol] <l)"", hence, the so:]l

flow model for' a friction].ess soJ.] has been adopted for a]l in-

compressib].e soJ].s for' the purpose of calculating the dynamic effects.

The dynamic auKmentatJon terms will therefore be independent of _.

Includ:]ng the effect of friction on the dynam:]c terms Js a possible

ref:] nement.

Referring to the geometry of Figure 2 and consJderfng the

soft] as continuous and incompressible, the soil mass and average

soil velocity of each of the four soil volumes can be calculated

in te_r,!cisof' t}-:e :;o:_] c]ensit_,/, p, the footpad rat]Jug, r, the pen-

e_ratio_, depth, y, ar)d the penetration velocity, 9. These

quart:]ties wi]] be needed later to calculate the dynamic au[,]i_entai, ion

and a:::<_ s]_o_,,-n :in Table _T. Only vellum< 4 l_as a so.il ma,_s wh:ich

changes with pen<-tr_tion d<'pt]_. Since the soil _i.s incomp_'essib]e,
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the velocity is .inversely dependent on the flow area. The

flow area in a so]] vo]ume is considered as the average of the

entrance and ex__t flow areas. For example, the flow area for soil

enter'ins vo]ume #2 _s the con_c_l interface betwec-n vo]umes #I and //2

2and equals _r The exit flow area is the interface between vo]umes

2
#2 and #3 _nd equals 3_/2-_r The average flow area in volume #2

Js ta]<en as 2]_2 - _r 2 and the average flow velocity is _/2-\/2 or

9/2.83.

The static bearing strength of f_ncompressJble soils is of

cons.iderab]e engineering interest and is discussed in textbooks

concer, ned v.Jth the design of fo_ndations for civil_ eng_neer_nf:

structures. A fo_'mu]a suggested for ca]_cu]at]ng the bearin_

str, cnrdh off soils under circ, u]ar footinss can be used tg find the

static be_Jr:]_ig stren(_th, Ps' for incompressible soil. (3
)

Ps = 0.6 o_rNy + pgyN_ q + ].3C]_c (I0

This formula _is based on an analytical mode] w]_ich

considers a round flat footpad act_in[6 on the ]_eve] surface of a

homo[_,eneous, semi-ir_f'tnite soil mass. The effects of internal

fr:ict]on arc, considered in this model since friction has an important

effect on the static bearing strength of incompressible soils. The

bearing capacity factors, N , N and N are functions of _ and, to
y q c

some extent, the depth of penetration. Table II gives values appro-

priate to depths up to one footpad d.iameter.

Equation ]0 represents the superpos_ t] on of three special-

case solutions, and is not an exact solution of the general case.

']'he first two terms assume a non-cohesive soil dot:lying its shear

strength only from friction. The first term gives the frJctiona!

bear]nF: strength at zero penetration resu]t_ing from the norqr_al

str.e,_;ses generated by the weight of the so].], and the force applied

by the footpad. It reflects the well recog,_n:]zed fact that the

surface bear_ins strength of" cohesionless soils, ]i_e sand, increases

linearly with the size of the footpad.

The second term is derived from a solution for the

frictional bearing stren[cth that would be caused by a uniform surface

].oad]ng or surch_rz_e around the footpad. If the footpad is on the

surface, there _s no surcharge and this term is zero. If the

footpad has penetrated, the weight of soil above the level of the

footpad can be considered as applying a surcharge to the soil below

this .]eve]. Substituting the we.izht per unit area of the so_l above

].l _O. = L,_.[, l_[<. _o --the fo<upsd ]eve] for the _'_'_'_'_ in th_ _ solution results i.n a

tfrm whic,.b f<:ives the _ncrea.<e i_ static bca-rin,c str, engtl_ v:'_th depl.:]-_.

],'or'a zcrc)-stren#_t,h soil., _ : c : 0, this term reduces to a buoyancy

force. -
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The t}]ir(-. 1,erm rep:,,-o;;c_lts the contr:ibution of cohesion

when both the soil we:iHht and surcherge are considePcd zero. This

is the f.nherent strensth of the soil, independent of' external forces
or grav:ity effects.

To ca _u_tto the dynam:ic augmentation fo_' the kncompress_ble1,_ . . °o °

soil_, a dynamic model of the soil flow is needed to insu3,.c that a?].

the dyrlam:ic fore, eel' are accounted for corroct]y. Thi _',_:mode_], shorn

fin t.'igure 3, :indicates that the fou:_, ma_',ses of rnovin S soil a:_'e linked

together, at def'_inite velocity ratJ. os,, as if by le\,ol,s, by the
requirement for, incomprc,_:sib_e flow. The lover ratios shown on

Figure 3 are the same as the speed ra1,:ios: and a_,e derived fy"om the

sol? flow mode]: Fif;uro 2. Soil mass //-I has no ].ever arm because it

moves at the st!me velocity a ,_,, the p,nc-t2e, "at, inr,; footpad; soJ] r.:mss #4

has the ]onso,_;t leve._, arm because :it moves at only o_o-eig]Jth the
f'ootl)_d ve]oc:i.ty The ot]_er two _ -" _'- • ooil masses move au :l.nter]_ed_ate

_I)-£ds. rJ'be dvnam:i.c force of soJ] ma .... //] is transmJtted dir, c:,ct]y
to the f'oot]:,,ud; the dyn_m:ic forces of' soil m_',s.... .....c,, //2, 63 und /,'it _:,.(:

transmitted to tl_e footpad throua;h the ]eve] _ system.

The dynamic fo]'co per unit footl)ad area off each soil

mass is equal to the time pate of' c]_nnse of mon:(:.ntum of ti_at sol]

mass divided by the footpad arcs, £. The total dyna._:ie, augmentation

resisting the penetration of the footpad is the sum of those

individual dynamic forces each mu]_tip]ied by the app]'opriate lever
ratio.

_d H ) + 1 d
PA dt (_-]v] R-.8-:_ dt

(H., ] d M.
_[_v 2 ) +

6Ti%- 8-g- (K-_v3)

FIT (_4vlt) (:_])

Substituting the mass per unit; area and velocity values from
Table I gives:

PA- d (=__< _,) + ] d 9 ) l d

id

The lever _mtios appear twice in equation 12, once because

the speeds of the so:t] masses are less than the footpad speed arm

once because the effect:ivenes,_ of tbe individual dynamic forces is

reduced by the levers. Simp]ifyin S and adding the statJc beaz_]ng

strength, the dynamic bearing strength of incompressible soil
be celtics :

PI)YN = 0.6 pfrrN + pgk, N 4- ] .3 cN + 0 34 p i ,p +
"' y _ q c "

(0.83 _, + 0.]_4 y)p "}," (13)
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When caIcu_[at_n_; tho t;,onetrat:ion of a sl_acoc;.a:r't footpad

into the so:i] of an ext_"rJtev'r.e_sl, rJr,.] boc]y_ tl._o so_] p3"ol_ert:ies and

Irlo(]o of' fSJ]LtT'O WJl] r,lohct_-&]-]y bot. h Do t_l]-:ifO_';h. 5'0 _-]_]VOS'o:I_;&t,(j tho

fu].] z,enge of po:ss:]ble ffand.i,n_; c'on.d:tt_ions, the: value.; ,, of'p]_, C, Pc)

arid b w_i].[[ b_.'.ve to bo va]':].o<] oyez-' ]'(;asoTio'.]_]o I'a_]r]c,% fo] _ ool],,l)3-ess:ib].o
,soils _.nO tl_,.q'n the v'_.lur.i',t', oF p, c end _, must be va]_Jed fo_" tho

_ncoriu_;'e,L-'.;__ib_]e soJ;ts. A gen<!rail_fiz.ect dy_n_',!;l:ic bea3':i.nS ;st_.cngth
formu:le, al>P]icab]o to boi, b c<,mp.r'ussi_l>.le and Jn(:omp3'ess_l;le soJ]_-',

would reduce the &mount of c_o_]culatJ.ons nocess_ry. It _,:ould also

provide f'oz, the possibility of' so:i] fa:l]tn,(: by a combJilatfion of i;]_c

t_,;o mo(]<:s provJ(]od that e.Oditiona] terms ar'c not J.ntroduced into t]_e

(]yl_mf_:]c bear, int_ st_'onvt]J e>:l,),css:;o_ ," -, ;,,:_u_J t}_c so__l f'_i].s :].n a ('.omb:i-

n[}tio_ of' the two mode,?,. Such a formula can be w]<]tten by gon-

eraliT,:]n[,; the exp:_:'cssJon for sta1.,Jc boar, in/' stre_[:;i,]-_ _)n(] .i.ntroducJng
the concept of effect:ire so__] mt_:::..

']'he stat:ic bcaring str, engi,]_ of both the compresr',:]b:le a,n_]

incoml:_rcss:lb]e so_.. ]s can be _:'o_,:""(,_e.b]- y al)p_-o:<-'.Lma_,oo" by ]:]noa_, func-

tion,_; of tl_e t._enc_t:vat:ion d.r,]_i,}_ (ertuat:]o_,_: 6 _rid 10). ']'bJn su[_!,;ust,'_

us;ini: a (,'ener,'_._] .linear re]r_:Jon',',l.,:i.p to rep_:'<:sc_t the stat,:ic bc:ar:]_g
sCz_enKth of the so_i..], r, eger, d_]e_,;s of tbe f'aJilu_,e mode.

Ps : A + By (]4)

If the soil. ;i_s compro _os.'_ble_ eouai;i._ . on 6 aPl)]-ies:

A = Po

b - Pl g
B =

C

If the so:]l is incompr, essible, equation 10 applies:

A = 0.6 pgrN + ].3 cN
y c

B = pgNq

Effective soil m_ss, me, is the imaginar, y mass per u_i.t

penot.r, atc d are_ which movcs at the, penetration vo.]oc,.Jty r,e.mainil_g

in contract, with the penetrating object a__d exe.r,t;ing the sa_ue dy_amJc

augmentation pressure as the r'e_], so:]] masses. The dynamic augmon-

tat;ion is t/_e time rate of c]}ans;o of momentum o£ thc effective
soil mass.

d
_)A : t/L (:% 9) (-_)
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The (,yn<_m._c beau'inK str, en8:th _is the su:_ of' the static b.._n.'__._-<-_,
stz'cn_%b_ and the d,,r_.m:]c a.ur,:mentc,t_on

p = p + d (m e

o

.In c<)im_i-oss]b]e so;].] tho dynam:ie, auLmentstion i:"

pPoduced by the cc)ml)Por'.r;ed ,q!uo'oof' so:i] r..qovJ.n[_at the p(,.llOtl>ati..oli

ve]ocLity, q'l_c::'/Fecoive m,'._<_ is tl_e_'ei'o],e the mass of t}l],_ _[l.u5

of' so:i] d:]v:](]od by t}_e ponot,_'at, iion ar, oa, Ti_is is shown by combin]n_
e(]ttat_on,2 II, '[ ai]d 15.

d d M
PA : d-t- (me _ ) .....dt ('/_2)

jr] P 1

me : )(: 7C Y (]Y)

In _i_ncomp_'ess:lb]e soil tl_e dynamic augmentatio_ .is

pi_o(]uccd by f'ou]_ soil masses only one of v;]].]ch moves at the

pe]Jetrai, Jon vo]ocJty. The soil mas<_ /I]. J.s eni;iz_e]y el'fee'.tire;

bowevo]:', tho ol, hor ma._:sos a]:"e [less ()f'f'ective because the N do

not move at tho fu]] t_enet]:'ai;:i.on velocil;y. 2't_e ef'f'oct:lve mass

of this system can be found by combJni_)_ eq,__.,_t:lons 32 and 1.5.

])

A d d pr i d .b--'Y'-3)+dt (]]le 9) : _]-_-(--3-%) + ;--->:-]z- ( pr

Y.i7 aT (llpr _.];2_-. ) + S c7t7 (9py _-)

2 2 2

= £--rl + (__-:_-3) _pr + (-6]-_2-) 4p]" + (_{) 9pyme 3

The ef'fect:lvc mass is the sum of the ind:_v_dua.l masscs mu]t:[p]ied

by tllo squa_r,o of thoJr vc].ocJty ratios z'elative to the penetration

V<'.]OC]I;_' oc'illlr;].]f'yJ_i[_,, the _1-_ ....... _iOn:• - _-]<a j _ _9 ':)

m e = 0.83pr + O.14py (18)

Tt-]c e'ffo(.o:ivc'' mm,_o<<'<' of both the com_)Yess:'Lble, and incompresc_:ib]_,, , so:]].s

can be r'opPcsonted by a l_n(t,ar funct;]on of the penetration dopth:

m e = E + Fy

E Js t}]e effect_v(, s<)_] mass in contact w:]th the oloje(,.t at t]_e

StJ:ffa_(:O_ ]_' -[<; t;}le Y>_i;O <ql, _'_ " _ "-,',_]_] Oil Of'FOOt,_l '_O ]li{:]Ft[-; _ S aoourltt_]_i,<'(]

w;31;]] dc:.r,i.t_ ].[' the <-oil i,<-_ ccTlr,-,"o<;qJb]( , oe.,_.-'_t.]on 37 a_)7,]qc°:
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E ---- 0

P]
F = ....

C

If thc <_o1].. :i._,, _inc..omi_),o;',_:lb](:__ cc_ur+l,;ol_:. _ . ]8 aI_p]:]e,<',:

}< = O, 8]pr

]_, = O,-Jllp

The f:eno]-,a.-l_.zod f'orm_:t]e for dynarsNc bear:in S st_,or_w,t}J _s found bs'

SUb:',% :1%t_t:: Ytc: t;ho [_:o]Jo]_{J] :[zcd O(-JL!O.OiOhl _, fO] > , t_t] c bear':] n{i st]'enst.h

aiid (._£j'©( %:] vo ]l]O;-',S _-i llt_(_) c;(}tlR1_J oYi :IG arid c;x._sncl:tnS` the der_i ,_a''L.] \,e .

2
}'DYN = £ -t-}7,y -t- (},; 4 ]_'y)_ -t. 7'_7'

'].'i_o Sc:7_oT:,a_Ji'l,c.(t so:i] paramotos's A> ]_> 7< atJd >' riot oli]y a]kow a ,n:3i<17o

dynarr];_c })osPi]rip; [D'L,]I'OYIc_;}] J_'()I'JIRI]R %0 bE) US£(] i'O] _ be)tin co],%p]'c_}sS]ib_e

ant] JlJc.oml>_c._:-:,s:lb]e so:]Is, they _.__]so t)]'ov:Ldc_ a co}]vc;n:].or_t moan,_> of

dCSd'.7'jbJl],.c,] {J. r'.c):k] Jyl %oi'Tr!r'. ]riosl]J_ll{_f'u.] [o 0 s])r<(_o(J]"8£l_ do,<" J {']]'o] _ w}]o

_,<; p]':]mr_l'i]<V :lntoT'ost(]d :]11%tic (Tyn<'sli;lo bc,&-i_]r){,; sl-]-'orJsOh, i :is t, hr,

su]'.r'a('.o sl;at:](,, bor.hP:]n S st.:r.c:n_,]t}_. }_ :]<; tl_e ]"ate at v:}JJ.c}J stixtio
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